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1. Introduction

Understanding the statistical mechanics of circle swimmers 
represents an important but relatively new problem in active 
matter physics. This new active matter class, now going under 
the name of ’chiral active matter’, involves many biological 
micro-swimmers ranging from bacteria like Escherichia coli 
close to walls and interfaces [1–4] and Listeria monocyto-
genes [5] to spermatozoa under certain conditions [6, 7], all of 
which swim circularly (or helically) rather than along straight 
trajectories. In fact, the common occurrence of chiral active 

swimmers in the microbiological world is not a surprise since 
active particles swim linearly only if they feature a symmetry 
axis preventing the emergence of torques which would conti-
nously reorient them. In the absence of such a symmetry axis 
they generically swim circularly. Following this symmetry-
principle, it has been possible to also design synthetic circle 
swimmers of e.g. L-shaped bodies [8–10].

Chiral active matter not only encompasses a large class 
of biological and synthetic micro-swimmers, but also creates 
a plethora of new phenomena beyond the physics of linear 
active matter. Examples include vortex like (macro)clusters 
of curved polymers [11], rotating doublets [12], spiral waves 
[13] and whole patterns consisting of rotating micro-flocks 
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Abstract
Chiral active particles (or self-propelled circle swimmers) feature a rich collective behavior, 
comprising rotating macro-clusters and micro-flock patterns which consist of phase-
synchronized rotating clusters with a characteristic self-limited size. These patterns emerge 
from the competition of alignment interactions and rotations suggesting that they might 
occur generically in many chiral active matter systems. However, although excluded volume 
interactions occur naturally among typical circle swimmers, it is not yet clear if macro-clusters 
and micro-flock patterns survive their presence. The present work shows that both types of 
pattern do survive but feature strongly enhance fluctuations regarding the size and shape of the 
individual clusters. Despite these fluctuations, we find that the average micro-flock size still 
follows the same characteristic scaling law as in the absence of excluded volume interactions, 
i.e. micro-flock sizes scale linearly with the single-swimmer radius.
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[14]. These micro-flocks are phase-synchronized clusters of 
rotating particles emerging at a characteristic self-determined 
size, which emerge as a consequence of flocking (as in the 
Vicsek model [15]) in a chiral system. Although micro-flocks 
are often much larger than the single swimmer radius, their 
size scales linearly with it, which should allow to control the 
pattern, e.g. via the properties of a single swimmer.

While micro-flock patterns emerge as a direct consequence 
of the interplay between self-propulsion and alignment inter-
action among circle swimmers [14]—neither require attractive 
nor repulsive interactions to emerge—it is important to under-
stand their robustness against excluded volume interactions 
which are naturally present in any conceivable circle swimmer 
ensemble. Such excluded volume interactions sometimes act 
as a key player in active matter: for motility-induced phase 
separation (MIPS) in particular, they block oppositely moving 
active particle such that they stay together before rotational 
diffusion releases them [16]; this can induce phase separation 
for large enough density and self-propulsion velocity [17–20].

In the present work, we explore the impact of excluded 
volume interactions on the collective behavior of chiral active 
matter. Here we are specifically interested in the robustness of 
micro-flock pattern formation—and look for new excluded-
volume-induced effects on the pattern morphology. As a 
key result, we find that micro-flock patterns do not only sur-
vive the presence of excluded volume interactions, but find 
that even their characteristic scaling with the single circle 
swimmer radius persists. The morphology of the patterns, 
however, experiences enhanced fluctuations regarding the 
cluster-shape and size in presence of the interactions, such 
that the overall pattern is more heterogeneous than in the non-
interacting case. We also find, that the phase-synchronization 
of particles within each micro-flock persists in principle but 
features a broader distribution of phases around the average 
than in absence of excluded volume interactions.

2. Model and methods

We model a suspension of circle-swimmers as a set of N iden-
tical self-propelled particles that swim with a constant speed 
v0 along a direction ni = (cos θi, sin θi) in the Euclidean 
plane. This direction evolves by diffusion, by the influence of 
a constant torque acting on the particles (which is responsible 
for circular swimming) and by the mutual interaction between 
neighboring swimmers. The governing equations  of motion 
are

ṙi(t) = v0ni(t) + µFi (1)

θ̇i(t) = ω +
K
πR2

∑
j∈∂i

sin(θj − θi) +
√

2Drηi(t). (2)

Here ri(t) denotes the spatial location of the ith circle-
swimmer at time t and μ is its mobility. The forces Fi account 
for excluded volume interactions between swimmers and are 
defined as Fi = −∇i

∑
j �=i U(|ri − rj|) where

U(r) = u0

(σ
r

)12
 (3)

with an upper cutoff at 3σ. The parameters σ and u0 provide 
the natural length and energy scale of the model. Besides the 
steric effects described by the short-range repulsive potential, 
swimmers are also subject to velocity alignment interactions, 
akin to the ones defining the Vicsek model [21]. Here, we 
assume that these interactions are of non-steric origin, which 
may be realized with granular particles on vibrated plates, e.g. 
vibrots [22, 23], which can be easily produced to swim circu-
larly and would show alignment interactions when mounting 
magnetic needles on their tops. Alternatively, alignment 
interactions may result from the combination of self-propul-
sion and (strongly) elongated body shapes which should in 
principle lead to a similar phenomenology. Here, alignment 
interactions are introduced as a torque in our over-damped 
formulation equation (2), and their strength is controlled by 
the coupling constant K � 0. The sum equation (2) runs over 
nearest neighbors defined by the interaction range R (only 
particles distant of less than R align each other). The term 
led by the coefficient Dr describes rotational diffusion; here 
ηi, represents zero-mean and unit variance Gaussian white 
noise. In the absence of repulsive interactions (i.e. u0 → 0) 
we recover the chiral active particle model discussed in [14], 
which we extend here to consider disks of finite size experi-
encing crowding effects.

Here we consider alignment interactions with a fixed 
range R = 2σ , slightly larger than the effective par-
ticle diameter (R > σ  is a necessary condition to intro-
duce alignment in the infinitely hard disk limit). We 
identify the following set of dimensionless param-
eters: the particle density ρ = Nσ2/L2, the normalized 

rotational frequency Ω = ω/Dr , the reduced coupling 

parameter g = K
4πσ2Dr

 and the Péclet number Pe = v0
σDr

.  
From now on, we express lengths in units of σ and time in 
units of D−1

r  and fix ρ = 0.1, u0  =  1 so that Pe, Ω and g 
serve as our dimensionless control parameters. Here, the 
choice of ρ = 0.1 and Pe � 20 ensures that the system is 
well below the regime where structure formation via the 
MIPS-mechanism might occur even in the absence of cir-
cular swimming. Therefore, all the structures we describe 
below emerge due to the competition between alignment 
interactions and rotations only, but once emerged, they may 
be affected by excluded volume interactions as we shall see 
below in more detail.

3. Flocking and pattern formation

In the absence of rotations (Ω = 0) and excluded volume 
interactions (u0  =  0), the competition between velocity align-
ment and noise gives rise to the so-called flocking transition, 
extensively discussed in the context of Vicsek-like models 
[21, 24, 25]. Above a critical coupling g*, global polar order 
emerges in the system: the particles move collectively, on 
average, along a given direction. Remarkably, this symmetry 
breaking phase transition is accompanied by structure forma-
tion in the form of traveling bands [26].

Presence of rotations (Ω > 0) strongly alters this behavior 
[14]. While rotations do not affect the location of the flocking 
transition of point-like polar particles, they qualitatively change 
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the ordered phase [14]: slow rotations (Ω � 1) induce large 
rotating aggregates with droplet like shapes which coarsen and 
ultimately phase separate. Faster rotations (Ω � 1) frustrate 
the tendency of the particles to align their swimming direction, 
giving rise to a pattern of micro-flocks, i.e. phase-synchronized 
rotating aggregates, with a characteristic self-limiting size [14]. 
Since the onset of flocking ρg∗ = 2 in the standard Vicsek 
model is essentially invariant against both, rotations [14] and 
density-dependent (‘quorum sensing’-like) interactions [27], 
we expect that the transition to the ordered phase in the Chiral 
Active particle model still occurs at ρg∗ ≈ 2 if rotations and 
steric interactions are present simultaneously. Note that the 
remarkable invariance of the flocking transition against uniform 
rotations [14] emerges from the fact that uniform rotations can 
be ‘statistically’ removed in the uniform phase by transforming 
to a rotating reference system; in the polar phase however, they 
crucially affect the collective behavior of the system. As largely 
discussed in the ABP literature, the competition between 
excluded volume interactions and self-propulsion gives rise to 
a kinetic arrest which can be effectively described by a density-
dependent self-propulsion velocity. As argued in [27], within 
this approximative description of particle interactions, flocking 

emerges above the same threshold gρ0 > 2 as in the absence of 
density-dependent interactions.

To specify these expectations and to study the impact of 
excluded volume interactions on macrocluster formation and 
microflock patterning in detail, we now perform Brownian 
dynamics simulations of N  =  2000 up to N = 16 000 cir-
cularly swimming disks in a quadratic box with periodic 
boundary conditions.

In figure 1 we show representative snapshots for N = 16 000 
chiral active disks. For slow rotations (Ω = 0.2), we observe 
a large high density polar structure, or macro-drop, coexisting 
with a disordered background at lower density. As for u0  =  0, 
this behavior resembles the phase separation accompanying a 
liquid-gas phase transition. As the coupling strength increases 
(see figures 1(a) and (c) for gρ = 3, 20) the density difference 
between the macro-drop and the surrounding gas is accentu-
ated. In any case, this structure rotates coherently and features 
large fluctuations. The drop breaks and re-shifts in short time 
scales, showing that its structure is subject to much larger 
fluctuations that its counterpart in the absence of steric repul-
sions (see supplementary movie 1 available at stacks.iop.org/
JPhysCM/30/084001/mmedia).

Figure 1. Steady-state configurations for systems made of N = 16 000 circle-swimmers at a density ρ = 0.10 and Per  =  10. A color map is 
associated with the swimmers’ orientation {θi}. (a): gρ = 3, Ω = 0.2; (b): gρ = 3, Ω = 3; (c): gρ = 20, Ω = 0.2; (c): gρ = 20, Ω = 3.
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For faster rotations (Ω = 3), a new pattern consisting 
of comparatively small rotating clusters, similar to the 
micro-flocks reported in [14], appears (see figure  1 and 
supplementary movie 2). In this high frequency regime, 
clusters do not coalesce or coarsen within the explored 
(long) time-scales, but show a self-limited size, which can 
be controlled by the parameters determining the locomo-
tion of the individual particles (see discussion below). 
Besides the suppression of coarsening in the microflock 
pattern regime, key differences to the macrocluster regimes 
include the nature of the underlying instability (short wave-
length for microflocks; long wavelength for macroclusters) 
and the scaling law of the largest cluster with system size; 
for a more detailed discussion regarding the nature of the 
transition, we refer the reader to [14]. In the microflock 

phase, each cluster displays polar order (encoded with 
colors in figure  1), the overall system does not exhibit 
global order. Compared to the patterns explored for point-
like circle swimmers [14] the shape of the present struc-
tures is far more irregular (see supplementary movie 2).  
While, the mechanism leading to these patterns requires 
alignment interactions and rotations only, for repulsive 
disks, multi-particle collisions introduce additional fluctua-
tions and packing constraints which are responsible for the 
comparatively irregular structures. It is interesting to com-
pare the present (fluctuating) structures with the somewhat 
reminiscent patterns observed in 2D suspensions of sperm 
cells [7] and protein filaments [28]. In the following sec-
tions we describe and discuss in more detail the nature of 
the macro-drops and the ‘fluctuating micro-flocks’.
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Figure 2. Characteristic length-scale Rg as a function of system size in the macro-drop (Ω = 0.2) (left) and micro-flock (Ω = 3) (right) 
regime for Pe  =10.
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Figure 3. Structure of the macro-drop. Left: detailed view of the configuration shown in figure 1(a), i.e. for N = 16 000, Pe= 10, gρ = 3 
and Ω = 0.2. Right: corresponding pair-correlation function.
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4. Macro-drop regime

The characteristic feature of the macro-drop regime is the 
emergence of a dense cluster whose size scales linearly with 
the system size (at late times). Here, we define a cluster as a 
set of connected disks with inter-particle distance smaller that 
R, the polar interaction radius. We then measure the cluster 
mass distribution Pm as the normalized distribution measuring 
the frequency of occurrence of clusters made of m disks. 
Several quantities can be extracted from the cluster analysis. 
In particular, we can identify the largest cluster c in the system 
and measure its radius of gyration as

Rg =

√
1

mc

∑
i∈c

|ri − rc|2 , (4)

where the sum runs over all the disks belonging to the largest 
cluster, of size mc and with center of mass rc. The radius of 
gyration provides a characteristic length scale associated to 
the macro-drop. Note that other length scales could have been 
defined, using the mean cluster size, or density correlations. 

The drawback of these latter quantities is that the low-density 
phase is also taken into account and are therefore more noisy 
that Rg, which directly focuses on the relevant structure.

As shown in figure 2, the size of the largest cluster, i.e. the 
drop, grows proportionally with the system size L suggesting 

Figure 4. Steady-state configurations of N  =  8000 chiral active disks for gρ = 20 and (from left to right) Pe  =1, Pe  =5 and Pe  =20. The 
color map corresponds to the swimmers’ orientation {θi}. The size of the micro-flocks grows as the self-propulsion increases.
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the presence of phase separation. In fact, at a given value of 
the parameters, the system selects the density of the coexisting 
phases. As the interaction parameter (or density) increases, the 
density of the dilute region decreases and the size of the drop 
grows. This is different to what happens in the micro-flock 
regime: there, the size of the structures emerging for faster 
rotations do not scale with the system size but is self-limited. 
As shown in figure 2, Rg is roughly independent of L, showing 
that clusters in this regime have a characteristic size and thus 
constitute a proper pattern.

In order to further characterize the structure of the system 
in the macro-drop regime, we compute the pair-correlation 
function defined as

Nρg(r) = 〈
∑
i�=j

δ(|r − rj + ri|)〉 .
 (5)

This function, together with a detailed view of a configura-
tion snapshot corresponding to the same set of parameters, is 
shown in figure 3. As shown in the snapshot and confirmed by 
the pair-correlation function, particles in the drop are closed 
packed, showing a highly ordered solid-like structure.

5. Micro-flock regime

In the absence of steric interactions, the characteristic size 
of the micro-flock pattern in the high frequency regime, is 
proportional to the radius of the single particle trajectory  
l∗ ∝ Pe /Ω. This behavior has been predicted by the analysis 
of a coarse-grained hydrodynamic description and has been 
verified using particle based numerical simulations [14]. Here, 
we explore the impact of steric interactions among particles 
on these characteristic scaling laws following a careful anal-
ysis of the numerical simulations data. As a key result, we find 
that while steric interactions change the size and in particular 
also the shape of these patterns, remarkably, the characteristic 
scaling law l∗ ∝ Pe /Ω still holds true.

In figure 4 we show snapshots of three systems of chiral 
active disks at different Péclet numbers (Pe  =1,5,20). From 
inspection of the snapshots it is evident that the size of the 
micro-flock patterns increases with Pe (as for point-like circle 
swimmers [14]). In order to define a characteristic length scale 
associated to these density heterogeneities, we use a criterion 
based on the analysis of the pair-correlation function rather 
that the one provided by the radius of gyration of the largest 
cluster used in the previous section. We define the length scale 
ξ as the value above which the pair-correlation function is 
below some threshold, here, g(r) < 2, ∀ r > ξ . This quantity, 
which estimates the range over which density correlations 
decay, is illustrated in figure  5(a). As shown in the figure, 
density correlations establish over larger length scales as Pe 
increases, in agreement with the snapshots. The results shown 
in figure 5(b) demonstrate the scaling law ξ ∝ Pe and figure 6 
confirms ξ ∝ Ω−1.

At a given coupling parameter above the flocking threshold, 
the micro-flocks show a less regular structure than their 
macro-drop counterparts. Indeed, fast rotations frustrate the 
tendency of the particles to accommodate their swim direc-
tion, resulting in smaller structures with a smaller degree 
of coherence. As shown in figure  7, micro-flocks display a 
liquid-like structure rather than a solid-like one.

6. Conclusion

The present work has shown that the typical collective 
behavior of chiral active matter, in the form of rotating macro-
drop and micro-flock patterns, essentially survives the pres-
ence of excluded volume interactions among particles. In 
particular, despite strongly enhanced fluctuations of shape and 
size of individual structures, the characteristic linear scaling 
of the average micro-flock length scale with the single-circle-
swimmer-radius persists in the presence of excluded volume 
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Figure 7. Structure of the micro-flock. Left: detailed view of the configuration shown in figure 1 (b) (N = 16 000, gρ = 3, Ω = 3). Right: 
corresponding pair-correlation function for the same system.
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interactions. These findings might help to realize rotating 
macro-drop and micro-flock patterns experimentally using 
active colloids or biological circle swimmers and to test the 
predicted scaling law.
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